Upper bound on f of the power function x p k +1 2 in F p n (Helleseth et al. (1999) [7] ) is not tight, for example p = 5, n = 3, and k = 2, which is the motivation of this work. In this paper, for an odd prime p, the differential spectrum of the power function x p k +1 2 in F p n is calculated. For an odd prime p such that p ≡ 3 mod 4 and odd n with m|n, the differential spectrum of the power function in F p n is also derived. We also find some new power functions which are differentially 4 and 6-uniform.
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Introduction
Let p be a prime number and F p n the finite field with p n elements. Let f (x) be a mapping from F p n to F p n . Let N f (a, b) denote the number of solutions x ∈ F p n of
where a ∈ F * p n and b ∈ F p n . Let
The mapping f with f = k is said to be differentially k-uniform [2] . Mainly for the cryptographical purpose, the functions with low f have been searched extensively for many years [7] [8] [9] [10] [11] [12] [13] [14] [15] . Especially for an odd prime characteristic, there exist functions with f = 1, which are said to be perfect nonlinear (PN). The functions with f = 2, called almost perfect nonlinear (APN) are also studied extensively. Functions with f larger than two are studied in [9] and [16] .
Let f (x) be a power function in F p n given as f (x) = x d . For any a ∈ F * p n and b ∈ F p n , (1) can be rewritten as
which means that
Hence, in dealing with power functions, we will only consider N f (1, b) 
instead of N f (a, b).
The differential spectrum of the function f (x) with f = k is defined as (ω 0 , ω 1 , . . . , ω k ), where ω i is given as
Recently, the differential spectrum of some power functions have been studied [3] [4] [5] . In [5] , the relationship between the differential spectrum of x 2 t −1 and x 2 n−t+1 −1 in F 2 n is studied and the differential spectrum of x 2 t −1 for t ∈ {3, n/2 , n/2 + 1, n − 2} is also calculated.
For an odd prime characteristic p, f of the power function x p k +1 2 in F p n was first studied in [7] and it was shown that f is upper bounded as f gcd((p k − 1)/2, p 2n − 1). Nevertheless, the upper bound is not tight in some cases of p, n, and k, which motivates us to derive the exact value
In this paper, the differential spectrum of x p k +1 2 is first derived. Consequently the explicit f of the function is also determined. We also compute the differential spectrum of x
in F p n for an odd prime p such that p ≡ 3 mod 4, odd n, and m|n. We believe that our paper is the first to calculate the differential spectrum of power functions with an odd prime characteristic. This paper is organized as follows. In Section 2, some preliminaries and notations are stated. In Section 3, the differential spectrum of x p k +1 2 in F p n is computed. In Section 4, the differential spectrum
in F p n is calculated. The conclusion is given in Section 5.
Preliminaries and notations
Let p be an odd prime, α be a primitive element of the finite field F p n . Let C 0 and C 1 denote the set of squares and nonsquares in F * p n = F p n \ {0}, respectively. Then the cyclotomic number (i, j) is defined as the number of solutions (x i , x j ) ∈ C i × C j such that x i + 1 = x j for 0 i, j 1. [17, Lemma 6] .) The cyclotomic numbers (i, j) are given as:
Lemma 1. (See
.
Let E ij , 0 i, j 1, be the set defined as
Then (i, j) = |E ij |.
In the following lemma, we are going to express each x ∈ E ij in terms of the primitive element of F p n or F p 2n . The lemma will play an important role in the rest of the paper. Let [a, b] 
and thus u = (α 
Then we have to determine the range over which t varies. From Lemma 1, we know that
. The values t = 0, t = (p n + 1)/2 which make x = 0 and t = (p n + 1)/4 which makes x = −1 should be excluded. Then each t ∈ T 1 gives distinct x for p n ≡ 3 mod 4 and so does t ∈ T 2 ∪ {(p n − 1)/4} for p n ≡ 1 mod 4. We can prove the case for x ∈ E 01 similarly. 2
Differential spectrum of
In [7] , for an odd prime p, the upper bound on f of the power function
The result is stated in the following theorem. [7, Theorem 11] .) Let f (x) = x d be the function defined on F p n , where p is an odd prime and
Theorem 1. (See
However, in some cases of p, n, and k, the upper bound is not tight, which motivates us to compute the differential spectrum and f . Lemmas 3 and 4 are needed to prove the following lemmas and theorem. 
We will omit the proof because it is nothing more than a simple counting.
Lemma 4. (See [18, Theorem 2.4].) Let p be an odd prime and l
where i, j ∈ {0, 1}. Also, define the set U ij (b), b ∈ I ij , as the set of elements x ∈ E ij such that D f (x) = b. In the following Lemmas 5-7, the cardinalities of each I ij and U ij (b)'s, b ∈ I ij , will be determined. Let e = gcd(n, k) and g = gcd(2n, k) in the remainder of this section. In each proof of Lemmas 5-7, θ : t → x denotes the four bijective mappings from t to x defined in Lemma 2 shown as in (3)- (6), without distinguishing them from each other. In Table 1 , the relationships among parameters p, n, k, e, and g are summarized, which is useful for separating cases in each of the lemmas and theorems in this section.
Lemma 5.
For I 00 and D f | E 00 , we have:
For an odd n/e (n is even or odd): 2) For an even n/e (n is even): 
where x = (α
2 /4 and t varies over T 1 for p n ≡ 3 mod 4 and T 2 for p n ≡ 1 mod 4. Assume that there exist x 1 and
. From (7), it is straightforward that t 1 and t 2 satisfy either
Define the set
where 0 μ v/2 . Then, from (8) and (9), all the elements in S μ give a single value M(α (p
in I 00 and the elements in each S μ give distinct values in I 00 .
Therefore, |I 00 | is equal to the number of distinct sets S μ 's. Since 0 μ v/2 , |I 00 | is equal to (v + 1)/2 for odd v and v/2 + 1 for even v. Note that v is even when n/e is even and odd when n/e is odd.
Clearly, S μ corresponds to U 00 (M(α (p k −1)t )). Thus, obtaining |U 00 (b)| for b ∈ I 00 is finding the cardinality of corresponding S μ , which can be done easily by applying Lemma 3. Case 1). For p n ≡ 3 mod 4.
In this case, we have
, from Lemma 3, we have
Since n/e is odd, i.e., v is odd, in this case, we don't need to consider S v/2 . Note that S 0 corresponds to U 00 (1). 2) For an even n/e (n is even):
Proof. Case 1). For p n ≡ 3 mod 4.
By Lemma 2, we know that in this case γ = −1 and
where t ∈ T 1 and x = −(α 
where t ∈ T 2 ∪ {0} and x = −α(α
for two distinct elements x 1 and x 2 in E 11 . Let t 1 = θ −1 (x 1 ) and t 2 = θ −1 (x 2 ). Then, from (12), t 1 and t 2 should satisfy 
Then (17) can be rewritten as either
or 
. Then from (7), it is easy to see that either α (p
Case 2). For p n ≡ 1 mod 4. Again, assume that there exist x 1 ∈ E 00 and (7) and (12), we have 
for even k/e. Since 2(t 2 ± t 1 ) + 1 is odd, we can easily see that the above is possible only when k/e is even and n/e is odd and that such t 1 and t 2 can be always found in T 2 and T 2 ∪ {0}, respectively. Note that n/e is always odd when k/e is even. Hence we conclude that I 00 = I 11 for even k/e and I 00 ∩ I 11 = ∅, otherwise. 2 Proof. Assume that there exist x 1 ∈ E 10 and
Since δ 2(p n +1) = 1, the necessary and sufficient conditions for (21) to hold is 
(the corresponding b is 1)
1,
, if i = 0 0, otherwise.
2) For an even k/e: where e = gcd(n, k).
Note that the derived differential spectrum in the above theorem is very sparse. The comparison with the existing bound in Theorem 1 and our new result in Corollary 2 is given in Table 2 . The bound in Theorem 1 is not tight for some cases of d = (p k + 1)/2, whereas Theorem 2 provides the exact differential spectrum and f . There have been few works about the differential spectrum. Especially with odd characteristic, we believe that this is the first work to derive the differential spectrum. Let n be an odd integer, p an odd prime such that p ≡ 3 mod 4, and m a divisor of n, i.e., m|n. are derived. The result can be used to determine f of the two power functions. We believe that it is the first result to compute the differential spectrum of power functions in odd prime characteristic.
Some existing PN and APN functions are explained from our results. Two new power functions in F p n which are differentially 4-uniform and 6-uniform are also found.
where gcd(p
